
ALGEBRAIC NUMBER THEORY

UZI VISHNE

End-of-course exercise set

Solve three or four of the following problems.
Due date: May 1st, 2011.

(1) Sketch a proof of the following:

Theorem 1. Let K/F be a finite separable extension of fields,
A ⊆ F a Dedekind subring such that F = q(A), and B the
integral closure of A in K (then B is Dedekind as well). Suppose
B is generated over A by an element α, and let h denote the
(monic) minimal polynomial over F (Thus h(λ) ∈ B[λ]).
Let p�A be a prime ideal. Decompose the image of h in

the residue field F̄ = A/p into a product of irreducible factors,
h(λ) ≡

∏g
i=1 hi(λ)

ei. Then the decomposition of pB into prime
ideals of B, is given by pB =

∏
Pei

i , where

Pi = ⟨p, hi(α)⟩,

and fi = [B/Pi :A/p] = deg(hi).

(2) Use (1) to prove the following. Let d be a square free integer,
and let p ∈ Z be an odd prime such that d is a quadratic
residue modulo p. Write d ≡ t2 (mod p). Write, explicitly, the
decomposition of pZ into a product of prime ideals in the ring
of algebraic integers of Q[

√
d]. What are e, f, g of this ideal?

(3) Let d ≡ −1 (mod 4) be a square free integer. Investigate the

decomposition of pZ into a product of prime ideals in Z[
√
d],

using the decomposition in Z[1+
√
d

2
] obtained in (2).

(4) Let f(x) = x3 − 28x+56. Let K = Q[α] where α is a root of f
over Q. Prove that K/Q is Galois. Find the other roots of f(x)
in K. Decide whether or not the ring of integers of K is Z[α]
(if it is not, find the quotient module). What are the ramified
primes in K? Write their decomposition explicitly.
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(5) Let η = 2 cos
(
2π
7

)
. Find the minimal polynomial of η over

Q. Let K = Q[η] (the ring of integers of K is Z[η]). Use the
Minkowski bound to prove that the class number of K is 1.
Prove that the only ramified prime in K/Q is 7, and find its
decomposition into prime factors.

(6) Find the unique unramified quadratic extension of the unique
unramified quadratic extension of the local field Q7.

(7) Work out the ideal class structure of Q[
√
−21] (See [1, Sec-

tion IX.5] for the solution of a similar problem).
(8) Sketch the main properties of Newton’s polygon, and use it to

say something non-trivial on the polynomial x3 − x2 − 5x− 50
over Q (see [6, Chapter 3]).

(9) Find a prime ideal P�R = Z[
√
−3] and an element x ∈ P

such that x2 ∈ P 3 although x ̸∈ P 2 (Note that such a feat is

impossible in R1 = Z[1+
√
−3

2
]. Prove this impossibility using as

few general results as possible. Study the proof with R replacing
R1; where does it break down?)

(10) (Assuming your name begins with an A). Use Chapters 16-17 in
[7] to prove that the Brauer group of Qp is isomorphic to Q/Z.
Be very explicit in proving that there is a unique quaternion
division algebra over Qp. For p odd, write it down.

(11) Is Z[[x]] Dedekind? Describe its field of quotients. Find some
valuation ring in the field, and describe the associated valuation.
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